Nonlinear excitations in a classical planar Heisenberg ferromagnet in an external field (CPHFF) are studied. Taking a classical counterpart of the spin-raising operator as a relevant field variable, we establish a close correspondence between the CPHFF and a complex scalar field (CSF) in which each atom in a complex lattice field, while coupled with its neighbours, sits on \D'-like on-site potential with saturable nonlinearity; In their static form CPHFF equations and CSF equations are identical to each other. In the continuum limit the CSF takes a semi-classical form of a Bose liquid with nonlinearity, however, characteristic of classical spin system. Solutions to the field equations are studied by using the continuum approximation. In one-dimensional case moving domain-wall solutions associated with symmetry-breaking states are obtained for the CPHFF and the CSF. In two-and three-dimensional cases static solutions to the field equations are obtained in the form of vortex solutions in close analogy to the case of the Ginzburg-Pitaevskii equation in the theory of superfluidity. § 1. Introduction
The planar Heisenberg ferromagnet in an external field (PHFF) is defined by the Hamiltonian*)
H=-E'2;, Sn z -'2;,[](n, m)(SnXSmx+SnYSmY)+J'(n, m)SnZSn z ).
(1.1)
Classical Planar Heisenberg Ferromagnet, and Nonlinear Excitations
of the system without the external field has a ferromagnetic spin alignment, with <Sn +> in an arbitrary direction in the xy-plane, 0, 2) where an angular bracket denotes an average. If E is less than some critical field strength, the ground state still has a ferromagnetic alignment of spins, but it now also has <Snz>*O. It In one-dimensional Od) case for S = 1/ 2 with nearest neighbour interactions the XYMTF is,Z), 3) together with the Ising model in a transverse field (IMTF),Z),4) among few many-body problems which can be solved exactly. The physical properties of the PHFF have received particular attention since it is similar to superfluid He 4 in that the ground state of its ordered phase exhibits broken symmetry with respect to a continuous symmetry of the Hamiltonian. Matsubara and Matsuda were the first to use it as a quantum lattice fluid model of liquid He 4 • 5 ) Halperin and Hohenberg have developed a hydrodynamic theory of spin waves to gain insight into the foundation of two-fluid hydrodynamics. 6 ) Nagaoka discussed the problem of superfluidity by making a correspondence between a Bose system and the PHFF from the viewpoint of gauge symmetry and diagonal-and off-diagonal long-range orders.?} In these works, however, little attention was paid to nonlinear excitations in the PHFF. On the other hand, there has recently been growing and developing .interest in soliton-like excitations in one-and two-dimensional classical Heisenberg spin systems. One of remarkable results from mathematical viewpoint is proofs of complete integrability of the Id continuous isotropic Heisenberg modeI S ), 9) and of the Id spin system described by the Landau-Lifshitz equation.10),II) In a previous paper, which will hereafter be referred to as (I),12) we have studied soliton-like excitations in classical generalized Heisenberg spin systems which include the classical PHFF (CPHFF) as a specific case. It has been shown that nonlinear excitations in classical spin systems are very rich as in the case of plasma physics and hydrodynamics. For the CPHFF, however, only static domain-wall solutions were obtained.
The purpose of the present paper is three-fold: (1) By taking a classical counterpart Sn + of Sn + as a relevant field variable, we make a close correspondence between the CPHFF and a complex scalar field (CSF) having the clas~ical form of Boson field with nonlinearity, hcwever, characteristic of classical spin system. The CSF so introduced is therefore more similar to the superfluid He 4 than the CPHFF or the PHFF. (2) In 1d case we obtain moving domain wall solutions to nonlinear differential equations for the CPHFF and the CSF as a generalization of the results obtained in (I) . (3) In two-and three-dimensional cases we obtain static solutions to the field equations which take the form of vortex solutions similar to those of the Ginzburg-Pitaevskii equation. 13 ) This paper is organized as follows. In § 2 a general theory is formulated to get equations of motion for rpn as well as for the conventional two angles of rotation for spin vector from the classical Hamiltonian H. Equations of motion for the CSF are then introduced in close similarity to the semi-classical form of Boson-field equations. In § 3 explicit expressions for the equations of motion are obtained in the form of nonlinear differential-difference equations for the CPHFF and the corresponding CSF. These two types of equations are then transformed into nonlinear differential equations by using a continuum approximation. In § 4 1d case is studied to obtain moving domain-wall solutions to the differential equation for the CPHFF and the CSF. A brief study is made in § 5 to elucidate the existence of vortex solutions as static solutions to the differential equations in two-and three-dimensional cases. The last section is devoted to brief remarks on results obtained 'in this paper. § 2. Classical spin system and complex scalar field
Let us begin the discussion with a study of a classical spin system more general than that considered in § 1. Let us assume that the Hamiltonian H of the system is written by a set {Sn} of spin vectors, namely H=H ({Sn} (2'4) was introduced to express the equations of motion in the form (2.5 ) It has been shown that it is useful for the case of isotropic Heisenberg ferromagnets to study pseudo-particle or instanton solutions in two-dimensional case lS ) and to see a formal similarity of a static form of Eq. (2· 5) to the Ernst equation in axisymmetric gravitational field in three-dimensional case. 16 ) In this paper we take (2'6) as a relevant field variable, in addition to the angle variables Bn and (jJn, to elucidate a formal similarity of a complex scalar field yet to be introduced to a classical form of the Boson field. This is done by first rewriting the equations of motion in terms of ¢n as (2'7a) by the use of Eqs. (2'2) and (2'6) and then by taking the continuum approximation to get i¢0-i¢n-l!2=(2/S)oH/o¢* and c.c.
(2'7b)
The factor O-i¢nn- 
These equations give the energy minimum states of the classical spin system, which also turn out to be approximate energy minimum states of the original quantal spin system obtainable by the use of a variational method. 12l § 3. The CPHFF, its corresponding CSF and equations of motion
In this section we iIIustrate the formal theory in § 2 to the case of the CPHFF and its corresponding CSF by giving explicit expressions for the equations of motion. We first write the Hamiltonian of the CPHFF in terms of ¢n as where and
Here the quantities Js(O) and Js'(O)
are the values of (3·2)
and
(3 '4) at q = 0, respectively. It is understood that for the CPHFF or the PHFF the inequality
holds. Equation (3'1) may also be considered as the Hamiltonian for a complex lattice field in which each atom, while sitting on the on-site potential v(l¢nI
couples with its neighbouring atoms with harmonic force constants 0/ 2)Js( n, m) and anharmonic force constants 0/ 2)J/( n, m), respectively. The on-site potential so introduced has a nonlinearity characterized by the factor 0
which is similar to, but stronger than, that of the conventional rp4 potential. Both
) and the rp4-type potential vo(l¢nJ2) defined by Eq. (3'3') are of double-well type provided the condition
is satisfied. In the mean-field picture this is nothing but the condition for the existence of a nonvanishing value of <Sn+>=S<¢n>, i. e. for the appearance of symmety-breaking state in the PHFF. 5 ).12)
We give the remark in passing that the CSF for the CPHFF is similar to a real scalar field (RSF) introduced in another previous paper l9 ) for the classical IMTF (CIMTF), the Hamiltonian of which is given by
is taken as a relevant field variable, in terms of which Eq. (3.7) is rewritten as
The corresponding RSF is then defined by the Hamiltonian is the on-site potential which is of the same form as v( I ¢n n defined by Eq. (3·3).
As shown in the previous paper,19) Eq. (3·10) is the Hamiltonian of lattice dynamics in which an n atom in a lattice with atomic mass 1/Ez and displacement pn from its equilibrium position, while sitting on the on-site potential iJ(Pn), couples with its neighbouring atoms with harmonic force constants (1/ 2)Js( n, m). Here nontrivial solutions to Eqs. (2 ·l1a) are given by <p = 0 or 7f for all n and by the solution of the equation
It is also seen that CXYMTF has a closer similarity to the CIMTF.
By the use of a continuum approximation Eq. (3·1) reduces to
Here the system under consideration has been assumed to constitute a cubic lattice with lattice constant a and dimensionality d. Here we have also assumed that Js(q) and Js'(q) in the long wavelength limit take the form with
and rescaled the coordinate variables as and the condition (3·6) is satisfied at the same time. The similarity of the CPHFF and the CXYMTF in particular to the superfluid He 4 is already apparent at this stage.
We are now in a position to obtain explicit expressions for the field equations for the CPHFF and its corresponding CSF. From Eqs. 
Equation ( by taking the integral constants C' and C2' as given below. In the above equations the quantity (9 is defined by cos 8 = A cos (9 . (4·8)
Equation (3·28) itself is obtained by replacing v(I¢12) by vo(I¢12
Writing in the form (4·6), we can get an insight into the global behavior of the solutions for (9 or 8 by identifying (9 and ; as a particle position and time in Newtonian mechanics. Explicit expressions for the quantities the integral constants are given by
(ii) for the CSF 
A schematic feature of V( e) is shown in Fig. 1 . The existence of Zeo-kink solutions is easily seen, though the integration in the formal solutions of Eq_ (4·6), 
Equations (4'16) and (4'17) are one static domain-wall solutions obtained in (I).
For the CXYMTF the potential function V( e) takes the form (4·18) Equation (4 '14) can then be integrated to give
which, together with Eqs. (4 '15) with lJ = 0, constitutes one-soliton solutions to Eqs. (3'24) . Here Eqs. (4'9)~(4'13) reduce to:
(ii) for the CSF'
(4'20a)
In the case of the CXYMTF the solution for rp is obtained by inserting the solution of Eq. (4'19) into Eq. (4·15a). Here the integral still cannot be done analytically, since the solution for 8 has not been given explicitly as a function of x -vt. It is seen that the solution for 8 is of the same form as that in the case of the CIMTF.2!) The solution for <P can be obtained either by inserting the above result into Eq. (2'6) or by directly solving Eq. (3'25) . Before closing this section we give the remark that Eqs. (3·27) and (3·28) for the CSF in the Id case are given by In studying nonlinear excitations and soliton-like solutions in higher-dimensional cases, we limit our discussion to static solutions to Eqs. (3'24) and (3'25) . We observe that a particular solution of Eq. (3'24a) with e =0 is the solution of the equation (5'1) Let us introduce the cylindrical coordinate r, q;, z and the polar coordinate r, ¢ for three-and two-dimensional cases, respectively. Then, the most typical example of solutions which satisfy Eq. where i is a unit vector in the direction of ¢. It is seen that the static solutions are neatly separated into two parts, the solution of the Laplace equation and the solution for B( r) or F( r). Here we illustrate this situation for Eq. (3'25), the static form of which is given by
It is of interest to note in passing that the equation (5·8a) (5·8b) Equation (5·8b) corresponds to the symmetry-breaking solution (3·21). A straightforward calculation leads to the result:
where C is a constant. The solution (5·9) is similar to the result obtained by Ginzburg and Pitaevsllii. 13 ) Equations (5·2) and (5·9) represent a single-vortex solution. The existence of multi-vortex solutions is yet to be studied.
In the case of the classical isotropic Heisenberg ferromagnet (7J = 1) the solution can be obtained analytically. Here it is convenient to treat EQ. (3·24b). Using EQs. (5·2) and (5·3), we then obtain Jr(r :~)-(q2/2r)sin28=0. We have shown that nonlinear excitations in the CPHFF are rich in the sense that the field equations in the continuum approximation admit domain-wall-type soliton solutions in Id case and vortex-type static soliton solutions in two-and three-dimensional cases.*) In studying the problem we have made a correspondence between the CPHFF and the CSF to elucidate the physical picture of the CPHFF itself by taking (Sn X + iSnY)/S as a relevant field variable. The CSF so introduced is shown to be similar to the complex rp4 field or the superfluid He 4 , the similarity being closer for the case of the CXYMTF. The situation here is somewhat analogous to the case of the CIMTF, in which the corresponding RSF is shown to be similar to the "real" rp4 field appearing in, say, the problem of structural phase transition in solid state physics. 19 )
The CSF or the CPHFF as well as the RSF here are, however, different in an important respect from the conventional rp4 field in that the potential v( I r;W) defined by Eq. (3·3) has, though of double-well type under the condition ;\ > 1, saturable nonlinearity.
Much remains to be done for the CPHFF or the PHFF both from mathematical and physical sides. One thing that readily comes to mind from mathematical viewpoint is an ex~mina tion of the existence of two-or multi-soliton solutions to Eq. (4·22), which is closest to the conventional ld nonlinear Schrodinger equation 27 ) among the differential equations discussed in this paper. We note in this connection that the nonlinear differential equation (6·1) having the same nonlinearity as that of Eqs. (4·22) is equivalent to the nonlinear Schro'dinger equation, since it is the nonlinear differential equation in terms of rj; for the CSF for the Id isotropic continuous Heisenberg ferromagnet, namely it is derived from the Id form of Eq. (3·25) with )'2=1, E=O and 7}=1. Recently, a complete integrability of several nonlinear differential equations having different form of saturable nonlinearity has been studied by Wadati and others.28) Another mathematical problem here is the existence of static multi-vortex solutions or time-dependent solutions to Eqs. (3·24) or (3·25) in two-and three-dimensional cases.
From physical side implications of the results obtained here to the superfluid He 4 is the problem yet to be studied. Another important problem here is to examine interrelationship between exact solutions which have been known to exist in severalld quantal spin systems by using the Bethe ansatz or the Jordan-Wigner *) Here we use the terminology of "soliton" in a less restrictive sense in accordance with advocation by Lee (see Ref. 26) ). transformation and soliton solutions in the corresponding classical spin system. This kind of problem has already been studied by several workers. Thacker et al. and others29)~31) have made an attempt to elucidate the relation between the exact solution to the quantal nonlinear Schro'dinger equation and the corresponding classical one by using the inverse scattering method. Faddeev and his collaborators have studied the quantal inverse scattering method for the nonlinear Schro'dinger equation, the sine-Gordon equation and the XYZ spin model. 
